Using large-scale Monte Carlo calculations, we consider strongly disordered Heisenberg models on a cubic lattice with missing sites (as in diluted magnetic semiconductors such as Ga1−xMnxAs). For disorder ranging from weak to strong levels of dilution, we identify Curie temperatures and calculate the critical exponents ν, γ, η, and β finding, per the Harris criterion, good agreement with critical indices for the pure Heisenberg model where there is no disorder component. Moreover, we find that thermodynamic quantities (e.g. the second moment of the magnetization per spin) self average at the ferromagnetic transition temperature with relative fluctuations tending to zero with increasing system size. We directly calculate effective critical exponents for T > Tc, yielding values which may differ significantly from the critical indices for the pure system, especially in the presence of strong disorder. Ultimately, the difference is only apparent, and eventually disappears when T is very close to Tc.
I. INTRODUCTION
Technologically relevant magnetic materials such as diluted magnetic semiconductors (DMS) are characteristically strongly disordered due to the low concentration of random magnetic moments (e.g. Ga 1−x Mn x As where 5% -12 % of the Ga sites are occupied by substituent Mn ions). DMS materials such as Ga 1−x Mn x As have been modeled theoretically using a classical Heisenberg model on an fcc lattice where the Hamiltonian is H = i,j J ij S i · S j with J(r ij ) being a carrier (hole) mediated random indirect exchange coupling between moments separated by a distance r ij given by J(r) = J 0 e −r/l r −4 [sin(2k F r)−2k F r cos(2k F r)]. k F = ( is the Fermi wave number, n c is the hole density, and l is the damping scale.
While individual parameters such as the ferromagnetic transition temperature T c have been calculated in theoretical studies 1,2 , the critical behavior of strongly disordered Heisenberg models on a three dimensional lattice has not been understood in detail in the context of a direct numerical calculation. At the ferromagnetic transition, thermodynamic quantities scale as power laws in the reduced temperature t = (T − T c )/T c with, e.g., the magnetization varying as m ∝ t β , the correlation length scaling as ξ ∝ t −ν , and χ ∝ t −γ for the magnetic susceptibility; hence critical exponents such as β, ν, and γ (up to prefactors specific to the model under consideration) completely specify the critical behavior near T c where t ≪ 1.
Our task is to determine the extent to which the critical behavior of the three dimensional Heisenberg model is influenced by disorder (in the form of randomly removed magnetic moments), and we have found the most singular contributions to critical behavior to be unaffected by disorder whether only a few magnetic moments are removed or the majority of magnetic impurities are missing in cases of strong disorder. A theoretical result (derived from a renormalization group calculation) known as the Harris criterion 3 holds that the sign of the specific heat exponent α determines whether the critical exponents are altered. Specifically, although modifications in the universality class are expected for α > 0, the Harris criterion predicts that disorder will not affect the critical exponents when α < 0. The hyper-scaling identity α = 2 − dν implies that the condition for stable critical behavior is ν > 2/d, d = 3 being the dimensionality of our system. In particular, since ν = 0.714 > 0.67 for the Heisenberg model 4 , the Harris result precludes disorder induced shifts in the critical exponents. With careful finite size scaling analysis, we have indeed confirmed that critical behavior in the disordered models conforms to the 3D Heisenberg universality class. An important finding of our detailed numerical study is, however, the fact that the effective critical exponents of the strongly disordered model may very well manifest an apparent violation of the Harris criterion (i.e. a deviation from the corresponding pure Heisenberg model values) away from the critical temperature, thus possibly considerably complicating the interpretation of experimental data."
The results of our numerical calculations are consistent with experiment where the local critical behavior of thermodynamic quantities such as the magnetic susceptibility χ (e.g. the slope γ eff = d log(χ)/d log(t) of the log-log plot in the case of the magnetic susceptibility) differ from the critical indices of the pure case with c = 1.0 for intermediate values of the reduced temperature. Ultimately, the effective critical exponents converge for sufficiently small t to the critical behavior of the model with no disorder. Similarly, we examine finite size systems, and we would obtain results for critical behavior which differ from those of the pure model if we extrapolate to the bulk limit in naïve manner. However, by taking into account corrections to scaling, we compensate for finite size effects and obtain critical exponents identical to those of the pure Heisenberg model.
Using large-scale Monte Carlo simulations, we calculate critical exponents for the disordered Heisenberg model on a 3D lattice. Hence, we show that the universality class remains unaltered from regimes where the model is weakly disordered and only a few magnetic moments are removed to cases such as c = 0.4 (the site percolation threshold for the simple cubic lattice is c = 0.3116 where on average fewer than half of the magnetic ions participate in a ferromagnetically ordered phase).
Another component of the Harris criterion is the prediction that thermodynamic variables such as the magnetization m and magnetic susceptibility χ do (do not ) self-average at T c in the bulk limit when ν > (<)2/3. The extent of self-averaging may be quantified via the parameter
25 , the relative variance of [ m 2 ] with respect to disorder where m is the magnetization, angular brackets indicate thermal averages, and square brackets refer to disorder averaging. For the Heisenberg model, we find self-averaging to be intact with g 2 ultimately decreasing after reaching a maximum for moderate sized systems containing on the order of a few hundred magnetic impurities.
In Section II, we discuss details of our numerical techniques for determining critical behavior of the disordered Heisenberg model. Subtleties include the need for a careful calculation of the Curie Temperature T c , and taking into account corrections to scaling which would otherwise lead to the conclusion that disorder has affected the critical behavior of the Heisenberg model; we find that the universality class is not influenced by disorder, being identical to that of the pure model.
In Section III, we give results in tabular form for the critical exponents obtained in our calculation. Explicit numerical values are given for the critical indices ν, β, γ, and η for disorder ranging from very weak (e.g. c = 0.95) to quite strong (i.e. c = 0.4). In each case, we also provide the corresponding critical exponent (calculated by us) for the pure model, which is consistent with the best and most recent values given in the literature.
In Section IV, we provide the apparent critical exponents which differ from those of the pure model, and would be obtained for system sizes that are not sufficiently large. Similarly, if one is not close enough to T c in experiment (generally, the reduced temperature t = (T − T c )/T C should be less than 10 −3 to obtain the critical exponents of the pure Heisenberg model in systems with disorder), spurious apparent critical indices will be measured. This apparent violation of the Harris criterion, even very slightly away from the critical temperature, is an important cautionary remark following directly from our Monte Carlo studies of the disordered model.
Finally, in the Appendix (Section V), we provide the Monte Carlo numerical results for thermodynamic variables such as the magnetization m and magnetic susceptibility χ. Also included are the corresponding theoretical results taking into account leading singular terms, as well as the first correction to scaling. There is very good agreement between the Monte Carlo data and the results of the theoretical model (i.e. generally at least one part in 10 3 or better).
II. METHODS AND TECHNIQUES IN THE NUMERICAL ANALYSIS
Singularities in variables such as the specific heat and magnetic susceptibility are smoothened as t → 0 and the correlation length ξ becomes comparable to the system size L. However, we can determine critical exponents by exploiting finite size scaling at T c ; the magnetization scales at m ∝ L −β/L , the thermal derivative dξ/dT of the correlation length ξ varies as dξ/dT ∝ L 1/ν , and the magnetic susceptibility χ diverges with increasing system size L with the singular dependence χ = cL
The critical exponents ν, β/ν, and γ/ν are obtained by calculating the appropriate thermodynamic quantities for many different system sizes and carefully extrapolating to the thermodynamic limit. Having calculated ν, γ, and β, one may obtain additional critical exponents such with the aid of hyperscaling relations. As an example, the exponent η, given in terms of γ and ν by η = 2 − γ/ν, is useful because it is a more sensitive parameter than γ alone in gauging the universality class of a specific model.
To obtain critical exponents accurately, it is essential that calculations be performed as close as possible to T c 6 since the temperature range where finite size scaling holds becomes narrower with increasing system size L. To obtain the ferromagnetic transition temperature T c as precisely as possible, we numerically calculate the normalized correlation length ξ/L following reference 7 . For temperatures below T c , ξ/L ultimately increases with increasing L, while above the Curie temperature ξ/L eventually decreases. We find T c by insisting that ξ/L tend to a constant value for very large system sizes (i.e. containing at least on the order of 10 7 spins) where finite size effects are negligible. In this manner, we obtain T c to within one part in 10
4 . Alternatively, we may examine the Binder cumulant
Another approach for locating the ferromagnetic transition temperature which we have used and obtained the same Curie temperature results is to examine moderate size systems where finite size effects are a more important systematic effect, and to use the Binder cumulant U 4 in conjunction with the normalized correlation length ξ/L to accurately calculate T c . Finite size effects preclude a precise determination of T c with either technique alone; the intersections will actually scale as T c + A U L −1/ν for the Binder cumulants and T c + A ξ L −1/ν for the normalized correlation length, respectively. Nevertheless, by examining two different system size pairs, one may cancel the leading order corrections from finite size scaling. In this manner, we have calculate Curie temperatures to within one part in 10 4 for each impurity concentration we have examined. T c results are shown in Fig. 1 for disorder strengths ranging from the pure cased (c = 1.0) to the site percolation threshold (c = 0.3116) appropriate to the 3D simple cubic lattice; the Monte Carlo statistical error is much smaller than the size of the symbols in the graph. The specific T c values used in the Monte Carlo calculations of singular thermodynamic quantities appear in Table I ; the reciprocals K c = T −1 c are given as well.
The calculation of critical exponents involves the exploitation of finite size scaling trends easily obscured by statistical fluctuations stemming from the random character of the disorder, and hence it is necessary to average over many realizations of disorder, 10 5 for c < 0.9, and at least 4×10 4 for weak disorder where c = 0.9 and c = 0.95, as well as the pure case where c = 1.0. The large-scale Monte Carlos calculations have a significant parallel element, and we have benefited from the use of the HPCC (High Performance Computing Cluster) at the University of Maryland, cumulatively using approximately a CPU decade to complete the calculations we report on here.
To circumvent critical slowing down plaguing local update techniques such as the Metropolis method, our Monte-Carlo calculations employ cluster updates to flip large sets of correlated spins. Specifically, we use alternating Wolff cluster 8 and Swendsen-Wang sweeps 9 , the latter being included because the Swendsen-Wang steps ultimately flip every spin, including isolated clusters of moments inaccessible to Wolff cluster moves. The cluster moves operate by flipping groups of thermodynamically correlated spins, and are effective even in the vicinity of T c where the diverging correlation length ξ would otherwise be associated with a much larger Monte-Carlo autocorrelation time, as certainly would be encountered with the use of the Metropolis method.
To reduce the severity of finite size effects, we examine cubic systems of size L with periodic boundary conditions. We use 1000 hybrid sweeps per disorder realization, and equilibration effects are eliminated by discarding the first quarter of the Monte Carlo sweeps. Monte Carlo calculations require stochastic input, and we use a Mersenne Twister algorithm to minimize correlations among random numbers and to ensure the period of the sequence far exceeds the number of random numbers used over the span of the Monte Carlo simulations.
Thermal derivatives such as dξ/dT need not be calculated via numerical differentiation; it is more convenient instead to use
where the sum is over all possible system configurations, Z is the partition function, E is the internal energy, and q is a generic thermodynamic variable such as the magnetization.
By examining the parameter g 2 , which provides a measure of typical fluctuations from one realization of disorder to the next, we find clear evidence of self-averaging at the critical temperature T c . Results for g 2 for a range of disorder strengths are shown in Fig. 2 . The log-log g 2 curves are non-monotonic, increasing for small values of L and attaining a maximum (typically for systems containing on the order of 700 spins) before decreasing and ultimately becoming linear for sufficiently small system sizes. An asymptotic power law decay in L of g 2 for large system sizes is consistent with a monotonic decreases of g 2 , a hallmark of self-averaging in the bulk limit.
A more subtle question is whether disorder has an effect on the critical behavior of the Heisenberg model. Asymptotic finite size scaling behavior such as m ∝ L −β/ν , χ ∝ χ 0 L γ/ν , and dξ/dT ∝ L 1/ν imply the corresponding log − log plots will become linear for large enough L with the slope yielding the critical exponent of interest. However, although singular thermodynamic quantities such as the magnetization m and the susceptibility χ vary asymptotically as χ = χ 0 L γ/ν and m = m 0 L −β/ν , respectively, site disorder is a source of important corrections to leading order scaling, which must be taken into account to obtain accurate expressions for critical exponents such as γ/ν and β/ν. Hence, in addition to the amplitude and exponent of the most singular contributions to χ and m, we perform nonlinear least squares fitting to take into account the next-to leading order exponent and amplitude relative to that of the leading term with
where the coefficients B are the relative amplitude of the first correction to primary scaling, and the exponents labeled ǫ are next to leading order exponents.
We calculate critical exponents and amplitudes by minimizing the sum of the squares of the relative differences, e.g. for the magnetic susceptibility exponent γ, with
, where γ Li is calculated numerically with Monte Carlo simulations and γ LSF Li is given in Eq. 1 for the system size L i . To carry out the nonlinear least squares fitting, we use a stochastic algorithm with an annealing stage (i.e. the Metropolis Criterion is used with the quantity σ treated as an "energy" and the "temperature" reduced at a linear rate in the number of Monte Carlo sweeps over the exponents and amplitudes) to minimize σ by randomly perturbing exponents and amplitudes; after the annealing phase, the Monte Carlo moves in the exponent and amplitude space are accepted only if the sum of the squares of differences is thereby reduced. To navigate the shallow "energy" landscape corresponding to σ, the average magnitude of the random shifts is augmented (decreased) by a factor (1 + ǫ) if a move is accepted (rejected) with ǫ ∼ 10 −5 . In addition, we check for convergence of the critical exponents and amplitudes by successively doubling the time span of the annealing until the results cease to change.
In experiment, the reduced temperature t is more readily tuned than the system size. To show how the effective critical behavior may vary appreciably for, we calculate the magnetic susceptibility χ for t > 0, but in the bulk limit as would be appropriate for comparison experiment. For finite t, it is sufficient to examine system sizes, such that L ≫ ξ since the correlation length will be finite for temperatures above T c . We find the condition ξ/L < 0.06 is sufficient to reduce finite size to a negligible level. In addition, by calculating χ for a number of different system sizes, we may correct for finite size effects; we have explicitly verified that a relation of the form A+Be −κL/xi is a very good approximation to the dependence of thermodynamic variable on system size when L is at least on the order of a few correlation lengths, a condition we use to further improve our approximation to bulk behavior, or to relax somewhat the condition ξ/L < 0.06 by examining somewhat smaller systems and subsequently removing residual finite size effects. 
III. CRITICAL BEHAVIOR OF THE DISORDERED HEISENBERG MODEL
The log-log plots in Fig. 3 show the magnetization with symbols representing Monte Carlo results, and the continuous curves are obtained from the corresponding nonlinear least squares fits. The excellent agreement of the Monte Carlo data and theoretical fits may also be seen in the Appendix, where the simulation data and theoretical results are given to five significant figures. Similarly, the magnetic susceptibilities appear in Fig. 4 , where symbols represent the Monte Carlo results and solid lines obtained from theoretical fits closely match the Monte Carlo data. Finally, the correlation length thermal derivatives dξ/dT are graphed in Fig. 5 , and there is again good agreement between Monte Carlo results (symbols) and the solid lines obtained from theoretical results.
Exponents and critical amplitudes are given for β/ν in Table II , γ/ν (corresponding to the susceptibility) in Table III , η in Table IV , and ν in Table V . The exponent η is calculated from γ and ν with η = 2γ/ν. The parameter η is a sensitive parameter and, accordingly, there is greater variance in the results. However, the η values listed in Table IV the presence of very strong disorder.
IV. EFFECTIVE CRITICAL BEHAVIOR AND APPARENT VIOLATION OF THE HARRIS CRITERION
Although ultimately we find that the critical behavior of the pure Heisenberg model emerges as the dominant part of the singular components of thermodynamic variables such as the magnetization m and magnetic susceptibility χ, finite size effects may obscure the genuine critical behavior for systems of small to moderate size where bulk critical behavior has not taken hold. Fig. 6, Fig. 7 , and Fig. 8 show the apparent critical indices which would be obtained as the slope d log(χ)/d log(t) = t χ dχ dt of the log-log graph, a quantity which may differ significantly for the first several decades of the system size L before eventually converging to the critical indices of the pure Heisenberg model, indicated with horizontal gray lines. Qualitatively similar behavior has been seen in renormalization group (RG) calculations 10 as well as in experiment [11] [12] [13] [14] [15] [16] with the reduced temperature t varied instead of the system size L. The insets of Fig. 6, Fig. 7 , and Fig. 8 display β/ν, γ/ν, and ν obtained from the nonlinear least squares fits. Again, throughout the broad disorder spectrum considered, even for very strongly strongly disordered systems (e.g. for the case c = 0.4), the critical indices we calculate are compatible with those of the pure system where there is no disorder.
To make direct contact with experiment and show explicitly the apparent change in critical behavior may be set up by strong disorder, we show finite t results where the effective critical exponent γ eff corresponding to the magnetic susceptibility has been calculated; results are shown in panel (a) and panel (b) of Fig. 9 . For t > 0, the susceptibility χ will scale as χ = χ 0 (t −γ + Bt y1 + Ct y2 + Dt y3 + . . .) where γ is the genuine critical exponent for χ, and the terms with exponents such as y 1 , y 2 for the first two subleading terms are corrections to scaling which may have a significant effect if t is sufficiently large or in the presence of strong enough disorder.
In the critical regime where subleading terms may be neglected, one may compute, e.g. for χ, γ = − However, further from T c where corrections to singular critical behavior are more important, one obtains an "effective" exponent γ(t) given by
γ(t) will eventually tend to the leading order exponent γ as t → 0, though one may have to measure χ at very low values of t if there is a strong disorder component. The graphs shown in Fig. 9 show results from two distinct calculations of γ(t). In panel (a) of Fig. 9 , the Monte Carlo data is drawn from a study where fewer disorder realizations are examined (though still at least 5 × 10 3 configurations of disorder are analyzed) in favor of obtaining a larger data set; Monte Carlo results are shown as symbols with theoretical curves obtained from nonlinear least square fitting shown on the same graph. Similarly, for the set of calculations involving fewer data points but more intensive disorder averaging, Monte Carlo data is graphed as symbols in panel (b) of Fig. 9 , while again solid lines are theoretical curves gleaned from least squares fitting.
In both cases, although γ(t) for the pure (c = 1) case rises steadily with decreasing t, the curves for each of the disordered systems are nonmonotonic; the initial rise with decreasing t is followed by a peak and subsequent decline to the asymptotic value of γ only for very small values of the reduced temperature on the order of t ∼ 10 −3 . We reiterate that the critical exponents we calculate are consistent with ν > 2/3 where disorder is irrelevant to the universality class in the Renormalization Group (RG) sense This inequality has been placed on a rigorous footing in theoretical work 17 under a broad range of conditions, and has also been established for correlated disorder 18 . We also emphasize that while the genuine Heisenberg model critical exponents satisfy the hyperscaling relations, the apparent critical exponents obtained away from the critical behavior are not consistent with the hyperscaling formulas, an indication of their problematic nature.
V. CONCLUSIONS
In conclusion, within a large-scale Monte Carlo study, we have examined Heisenberg models on three dimensional lattices with randomly deleted magnetic moments as a source of disorder, finding self-averaging to be intact as predicted by the Harris criterion. Moreover, our finite size scaling studies show leading order critical behavior not to be influenced by the presence of random defects, with critical exponents identical to those of the pure Heisenberg model universality class even for very strong disorder in the vicinity of the site percolation threshold where long-range ferromagnetic order is lost al- together for T < 0. However, while the leading order exponents are not sensitive to disorder, the presence of site defects sets up corrections to primary scaling which skew the effective exponents for finite system sizes L, a characteristic which might naïvely be regarded as evidence for the violation of the Harris criterion. A qualitatively similar apparent violation of the Harris criterion is seen in experiment where thermodynamic quantities such as the magnetic susceptibility are measured with respect to the reduced temperature t, and we have also calculate the same quantities in the bulk limit for t > 0, finding the same apparent violation of the Harris criterion. We conclude by asserting the asymptotic validity of the Harris criterion sufficiently close to the critical temperature in the strongly disordered Heisenberg model appropriate for diluted magnetic semiconductors, at the same time pointing out that slightly away from the critical temperature, the effective exponents may very well reflect an The appendix contains a sequence of tables explicitly giving thermodynamic quantities calculated in Monte Carlo simulations with the theoretical fits obtained by stochastically enhanced least squares fitting. The theoretical results are in very close agreement with the corresponding Monte Carlo data. Table XIV and Table XV contain the self-averaging parameter g 2 for various systems sizes for site disorder ranging from the weak regime (where c = 0.95), to the strongly disordered c = 0.40 case in the vicinity of the percolation threshold. A consistent feature in the dependence of g 2 on system size is an initial rise, and maximum attained for moderate sized systems with on the order of 700 spins. After reaching a peak, the g 2 self-averaging parameter begins a steady decrease consistent with intact self-averaging. However, the non-monotonic behavior is another manifestation of significant corrections to leading order scaling. 
